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Abstract

In recent years it has become more apparent how useful inequivalent representations of the
CCR and CAR in quantum field theory may be in describing and explaining physical
phenomena, and several properties and concepts have been stated, referred to, and/or
developed in the literature on these ideas. In this paper, some of these are reviewed, and
some further properties and concepts are developed as further links in understanding
these inequivalent representations in quantum field theory. One of these is a statement
as to what actually breaks down in some field theories in the transformation between
representations which are unitarily inequivalent. This is developed using the language
and ideas of point quantum mechanical invariance, since this should be more familiar to
a much larger number of physicists. Also, a statement on state expectation values is
developed which can be used as a criterion for the occurrence of inequivalent representa-
tions of the CCR and CAR in field theories.

1. Introduction

A well-known theorem of Von Neumann states that for systems with a
finite number of degrees of freedom any Hilbert space specification is
equivalent up to a unitary transformation to any other provided the canonical
commutation {anticommutation) relations are preserved. However, for
systems with infinitely many degrees of freedom (i.e., for fields) it has been
shown that unitarily inequivalent representations occur. This was first shown
in 1952 by L. Van Hove, but it did not draw much attention until 1955 when
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Schweber, Wightman, and Gérding developed more of the mathematical
details of this phenomenon. One need not be alarmed by the appearance of
inequivalent representations in the theory, for it is an indispensable character-
istic for explaining ‘super’ systems in a properly formulated theory of infinitely
many degrees of freedom. Indeed, as pointed out by Hugenholtz (1969),
‘Clearly, to describe all possible states of a many-particle system we cannot
limit ourselves to only one representation. Infinitely many representations
are necessary’. One of the recent applications is in gaining a better under-
standing of measurement theory (Hepp, 1972).

In this paper a further link in understanding inequivalent representations
of the canonical commutation and anticommutation relations in field theory
is made with respect to the typical and well-known unitary equivalence of
representations in point quantum mechanics. This will come from the
definitions and conditions for quantum mechanical invariance to be stated
in Section 3. In the process we will also develop a useful statement which
definitely links identifying inequivalent representations with state expectation
values. This has been alluded to previously in the literature. In Section 2 we
will basically recall what is meant by inequivalent representations in the con-
text which we will use them and illustrate this with an example. In Section 3
we will develop the links which give further insight into inequivalent rep-
resentations.

2. Inequivalent Representations

As is well known, using some very involved mathematics, Von Neumann
(1931} showed that for systems with a finite number of degrees of freedom,
i.e,, for systems considered in point quantum mechanics, all irreducible
representations of the commutation relations given by

[9:, P ] =16
i, vl =lai,qx] =0 (2.1

(i, k=1,2,..., N(N finite), that is, all representations where the operator
set (g, p) forms a complete set in the Hilbert space, are equivalent up to a
unitary transformation. Thus, if a set of operators (g, p) satisfies equation
(2.1), and another set (¢, p") satisfies [q}, px] = i8;x, etc. then these sets
are related by a unitary transformation U in the following manner:

A =UkU™,  pe=Up U} (2.2)

The operator algebra must, of course, be enlarged to contain the operators
corresponding to intrinsic degrees of freedom such as spin.

A good illustration of this theorem is given by the following example of a
change from one representation to another in ordinary quantum mechanics,
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and we show it to be unitary (Roman, 1965). Consider two Hilbert space
descriptions of a quantum mechanical system,

H H  (Hilbert spaces)
fn) iny  (states)
0 0 (operators)

Due to the completeness of the basis sets we can make the expansions:
Iny=3 |m¥nln)
A

{ny= 3 |nXn|n)
n
Looking at the operators, O, and vectors, V, in H in terms of those in H, we
have
@molmy= 3 (n|ny{nlO|m){m|im)

n, m

RIVy= 2 GimniVy

or in shorthand notation,

57:& = T2n OnmRonm

Vn = Tﬁn Vn
where
Tan =(ln),  Rpp=(n|my=Tk=T (2.3)
We then have
TinTym = D (RInXn|7Y=(n|n'Y=bz
Consequently, g

rt=1, or Tf=771

and so T is a unitary transformation. In this case 7 does not represent an
operator. The matrix representative of an operator is defined in a given
representation, whereas 7 straddles the two representations. However, when
the basis vectors are labelled by the same set of indices, one can define a
linear operator U such that

jny=Uln)
which means that I can be represented by
U= S \n¥ni, UT=73|n)(n| (2.4)
n n

so that UUT =7, and U is a unitary operator (Messiah, 1966). In this case the
unitary matrix (z | n) is the matrix representing U in the H or H representa-
tion, that is,

(FIny=(T|U7Y={(n|U|n) (2.5)
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This corresponds to mapping a Hilbert space back onto itself. Again, the
transformation is unitary.

However, for systems with infinitely many degrees of freedom (i.e., for
fields) not all irreducible representations of the commutation relations are
unitarily equivalent as has been shown by various authors. Van Hove (1952)
and Friedrichs (1953) were the first to study various representations of the
canonical commutation and anticommutation relations, but the phenomenon
of inequivalent representations was not given much attention by physicists
until the appearance of papers by Schweber & Wightman (1955) and Haag
(1955). Schweber & Wightman showed the existence of uncountably many
unitarily inequivalent representations of the canonical commutation and
anticommutation relations. More mathematical details were given in two
papers by Girding & Wightman (1956). Other important works on inequivalent
representations for the canonical commutation and anticommutation relations
have been written by Segal (1958), Araki & Woods (1963), Ezawa (1965),
Araki & Wyss (1964), Klauder & McKenna (1965), and Klauder, McKenna
& Woods {1966).

The main ideas of the theory of inequivalent representations can be
illustrated by looking at Haag’s (1961) example of a general Bose field system.
Starting with a system of a finite number of degrees of freedom, say N, the
Fock representation developed by Fock (1932) is used for our Hilbert space.
Assume the system is specified by the 2NV Hermitian operators, (qx, Pr), with

k=1,...,N,and that these satisfy the commutation relations in equation
{2.1). A new set of operators, 4, are then introduced by letting
a = (/D qx + 1 20) PP, (k=1,..,0) (2.6)

where the wy are arbitrary, real, positive numbers. From equations (2.1)
and (2.6) the commutation relations for the a’s are

[ai,a]j] =6ik: [ai:ak] =[a;'r:a]Z] =0 (27)
Assuming that the Fock vacuum state, | 0), defined by
a;10)=0, forall k (2.8)

exists, the Fock space is obtained by applying a,f 10 | 0), i.e., the Hilbert
space on which the g5 and a,j operate is defined as the closure of the linear
space spanned by the basis vectors

o)
af | 0) =|k)
ak a [0Y=1k;>
(k,j=1,..,N) 2.9)
In the case where V is finite, according to Von Neumann’s theorem, the Fock

representation constructed above is the only possible irreducible representa-
tion up to unitary equivalence. (We are only interested in irreducible rep-
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resentations of our algebra of operators since any reducible representation can
be shown to decompose into a sum of irreducible ones (Von Neumann, 1940).)
In other words, given the two sets of canonical operators (g, p) and (qk, Pi),
where

Ak = qxWPrsai)s P =Pi(ke, ax) (2.10)
one can always find a unitary operator U which yields

qx =Uq U™? and  pr=UpU'  (k=1,...,N) (.11

as indicated in equation (2.2). The Fock vacuum for the new set (py, ¢%),
say | 0", is related to the original Fock vacuum | O) by U,

10y =U|0) (2.12)

In quantum field theory, i.e., N becomes infinite, the role of the gy is taken
by an infinite set of operators, corresponding to the values of the classical
field ¢ at every point in space; in the same way, the role of the py is taken by
the values of the conjugate field 7. For a real scalar field,

ad)(sa xO)

#(x, xo = 0) = ¢(X) and n(X, x4 = 0) =n(X) =
dxg X, =0

satisfying the commutation relations
[6(), §(x)] = [7(X), n(xX')] =0
[7(®), 9(x)] = -i8>(X - %" (2.13)

A more precise mathematical formulation of the commutation relations is
obtained by smearing out our fields (¢, 7) with an orthogonal, real set of
square-integrable functions, f; (%), since the physical observables are not the
values of a field at a single point, but rather averages of (¢, 7) over certain
regions of space. Thus, we introduce the operators

ax = 0(fi) = [ BPx6(E)f(%)

P = fi) = [Bxn@fp®)  (k=1,...) (2.19)

as well as gz and a,;r in an analogous way as in equation (2.6).

Haag then points out that one can formally construct the Fock space in
the same way as formerly done for finite N. However, in the case now at
hand, ¥ = e, we no longer have Von Neumann’s theorem satisfied, and there
are other inequivalent representations in which there is no state | O) with the
property of equation (2.8). To exhibit this clearly, we follow Haag’s example
and transform from the original 4; to a new set of canonical operators by
given by

by =ay cosh 6y — a}; sinh Oy
bg=~ak sinh 8, +(z}: cosh 6y k=1,..) (2.15)
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where for Haag’s associated transformation, we take exp[260; ] = wy. Taking
ay, as in equation (2.6), we have

(ar +af) (1/204)? = gy,
—i(ay —aly (/D =pp  (k=1,..) (2.16)
Similarly for the b’s, we have

(b +b) (12612 = g3
—i(by — bEY (/2 ? =pr (k=1,..) (2.17)

and our transformation equation (2.15) becomes in terms of (g, Px) = (k> Px)s

ax = (Vwr)? gy
gk =(w) o (k=1,..) (2.18)

so that we retain the same commutation relations for our new operators as
for the original set. By means of equation (2.15), the Fock representation of
the (ay, az) also defines a representation of the (g, b};) in the same Hilbert
space. However, it is not possible in general to carry out a Fock construction
for the operators (by,, b};), that is, there is no vector | O') in our Hilbert
space which satisfies

bplOY=0 (forall &)
The same is true for the unitary o¥erator U which interlocks the operators
by, b};) with the operators (ax, a;),
by = Uz U™! k=1,..)

in spite of the fact that the b’s and the 4’s satisfy the same commutation
relations.

To explore these ideas, Haag considers the matrix elements of U in our
defining Fock space. Formally, U is found to be

U=expl} 3 Ox(afa] — arar)] (2.19)
k

We now want to show that U is not an operator in our defining Hilbert space,
for all of its matrix elements between states of this space are zero. Haag
begins by considering (O i U | O). As is shown in the paper of Umezawa

& Kamefuchi (1964) on ‘Bose fields and inequivalent representations’,

(O U 0)becomes with U given by equation {2.19),

(O|U|0)=exp[—4 J logcosh 6;] (2.20)
x
which can be written as mi(cosh 6, )~ /2. Therefore, (O |U|0) # 0 only if

;Cr(cosh 0y) < oo 221
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From equation {2.20} we see that if we let N-> o and V - oo, such that
N/V = p, then

(01U10Y= lim [ﬁ(ooshﬁk)_l/z]
k

N = o

Vor oo
= lim [exp {—$ V(1/2m)? f d®klogcosh 6,}] =0
v (222)

Likewise, considering (¥, U¥ ), (where Wy, ¥ are basis vectors of our
defining space obtained from | O) by operating on it with the a] M and L
times, respectively), since a}:, a; commute with aj" ,q; for k # i, we would
have

¥y, U¥,) =I;IF;,, (2.23)

where Fy, 5 (cosh 8 )~ Y2 at most for (M + L) factors Fy. Therefore, in case
equation (2.21) does not hold, the change of a finite number of factors will
not change this divergence, and equation (2.23) vanishes for every finite M
and L. Since the states W, form a complete set, U exists in our defining
space only if equation (2.21) holds, otherwise it vanishes.

For L = 0, from equation (2.23), in case equation (2.21) does not hold,

(W, UT ) = (W, ¥ ) =0 224)

i.e., ¥{, does not exist in our defining space, where ¥ = | 0) and Vg, = |0').

Thus, this general-type example shows that the most important aspect
about dynamical maps (equation (2.15) for this case) is that they are nor
generally unitarily implementable for systems with an infinite number of
degrees of freedom. In particular, the very useful quantum field theories
exhibiting broken symmetries are of this type, for which Umezawa’s (1965)
self-consistent field theory was formulated.

3. Further Links

In this section we develop the further links with inequivalent representa-
tions of the CCR and CAR of quantum field theory stated in the Introduction.
The test for quantum mechanical invariance given by Wightman & Barut

(1959) can be summarized in the following manner. Given:

H, H, (Hilbert spaces)

[ d,) |®,)  (states)

0, Oy (operators)

x4 xP ({coordinate relations),

then the following two statements must hold:

{1) Invariance of squares of state overlaps under the bodily transformation,
B, from space ‘@’ to ‘b’, that is,
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(P, 1(@'0:)11)‘2 = {{Bp<«q®P, By g(Ws)y? 12 (3.1)

where (W), are eigenstates of the observables, O,, with quantum
numbers, &, and &, is any state in H, given by &, = Z,C, [ ¥, 2y,
where the C,, are expansion coefficients, and By, ={(®,[®,). In
words, the bodily identical transformation means that one can write
a complete description for the same system at different orientations
using space ‘@’ or ‘b’.

(2) Invariance of squares of state overlaps under the subjective trans-
formation § from ‘¢’ to ‘b’, that is,

{ <q)a l(qja)a> I2 =1 <Sb<-aq)a |Sb<-a(‘pa)a ) |2 (3-2)

In words, the subjective transformation means that the same physical
situations can be described by space ‘¢’ as well as space ‘b’.

Statements (3.1) and (3.2) can be combined into one statement for
invariance if we consider the bodily transformation from ‘@’ to ‘¢’ and then
subjectively transform this bodily state of ‘b’ back onto ‘¢’, so we have

(@, 1 (¥a)a) * = ¢S pByea®y | SgpBpea(¥a)y ) (3.3)

As is well known, in quantum mechanics the transformation U= S, 85—,
conserves state expectation values and is unitary (Messiah, 1966), and §
usually taken as the identity, /. Then U = By, and, of course, By, is
unitary, as it must be from Von Neumann’s theorem and as shown for a
general-type case in the first part of Section 2. Also, Wigner’s theorem (Wick,
1965) guarantees that U is unitary if equation (3.3) holds.

However, for field theories exhibiting inequivalent representations of the
CCR or CAR the typical result, as illustrated in Section 2, is

(@, | UW,) = (B, | S4epBpey| W) =0 (3.4)

Of course, the immediate question from this is whether equation (3.4) implies
unitarily inequivalent representations or not, and we show here that it does
indeed in the context of the physically relevant broken symmetry field
theories. This has been alluded to in the literature, and we will use some of the
developments of Guralnik, Kibble & Hagen (1968) to establish it.

In the context of the quantum field theory we are using, for Utobea
unitary operator, three things are needed,

(1) UVt (@=1

(2) Ula)U(ap) = Ul + ay)

(3) in our physical Hilbert space we assume that there is a translationally
invariant, unique vacuum state (LSZ type of formalism), and U must
do the right things on our states. Therefore, we must have

Up(a, H10)=10) (3.5)
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and, in particular, for ¥ becoming large {indicated by V' - =), we
must have

lim  (Uy(a, 10))=0 (3.6)

Or equivalently, if we consider any combination of operators A of the
field theory being considered,

lim (O Up(e, DAUT(a, 10)=(01410) (3.7
V—oo

Here o represents a general constant parameterizing the transformation,
V is the volume of the system, ¢ is the time, and we can write U in
general form as U = exp[iaQ p(2)], where Q-(?) is the generator of

the transformation U in volume V.

Consider condition (3) above more closely and see what condition we
must have for it to be satisfied. If we can show that

d% KO |Ue, DAUT (o, £)|0Y] =0 for all & (3.8)

then
(OIU(a)Am (a)l0>=(OIU(0)AW O)10>=(01410) (3.9)

which then gives us the equivalent statement of condition (3). Explicitly
evaluating the derivative,

d
- (O1Uy(e 4 Ul (@, 0103 =i(0 | Up(a, D0 (1), A1 Ul (e, 1) 10)

(3.10)

where [Q(F), A] is the commutator of Q) with A. The expression (3.10)
will be zero if [Q1(r), A] = 0. Then from equations (3.8) and (3.9) U'is
unitary. However, if [Q1/(r), 4] # 0, then condition (3) is not satisfied, and
U is not unitary. One will recognize this last condition as the one for Q(¥)
to excite ‘massless’ modes, typically in the case where V becomes large (<),
and is a result of Goldstone’s theorem (Lange, 1965). It is called the broken
symmetry condition of the Goldstone theorem. Therefore, when the generator
of a transformation is involved in a broken symmetry in quantum field theory,
the corresponding U is not unitarily implementable in our physical space. In
fact, Fabri & Picasso (1966) have shown that the generator @ does not exist
even in the sense of a weak limit when condition (3) is violated.

Thus, we have from condition (3) that U is not a unitary operator when

Ui0Y=exp (1aQ)|0Y¥10) (3.1D)

But this corresponds to (O | U| O} = 0, since we then have the overlap of
{0 | with a state of the space other than the unique | O), This is the result we
were looking for.

In particular now, equation (3.4) must hold for [ $,)=|¥,)=10), and
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thus, if we have equation (3.4) holding, from above we have inequivalent
representations in our field theory. This is one of the links we wanted to
establish.

Now further consider equation (3.4) to establish another link. Notice that
the bodily transformation U in equation (2.19) is (1) an exponential and (2)
antisymmetric in sign with respect to the adjoint operation. This is a typical
result for many models and useful examples, and we will outline some
others shortly. Due to these facts, there will certainly be nothing wrong with
the bodily mapping in statements like equations (3.1) and (3.3). They will
hold with no problems. (This is also guaranteed by writing the bodily trans-
formation in the form exp[iaQ], as done above.) Thus, the bodily mapping
is all right.

Also, Wigner’s theorem (Wick, 1965) says if we have equation {3.3) hold-
ing, then S, By, is unitary, However, we have just shown above that it
is not unitary in the field theories we are considering. Thus, we have reached
a contradiction. Equation (3.1) is all right and equation (3.3) implies unitarity,
but for the theories we are considering the corresponding operator is not
unitarily implementable. Therefore, since equation (3.3) comes from equations
(3.1) and (3.2), the breakdown in unitarity must come from equation (3.2),
i.e., the subjective transformation is not unitarily implementable. Consequently,
it can neither be the identity, I, which is generally always chosen in point
quantum mechanics, nor any unitary operator, or else it would have a value
in H,. As a result, spaces ‘¢’ and ‘D’ are using mathematically different Hilbert
spaces, built upon different representations of the CCR or CAR.

A very good example to illustrate some of the above points is the fairly
simple model Hamiltonian of the form

H=#%3S waja;+h3 M@ +a) (3.12)
i i

which is essentially the famous Van Hove model (Van Hove, 1952) (trans-
lated oscillators). For simplicity let’s take the cw;’s equal, so that

H=h w3 ala+ 73 2\(@ +a) (3.13)
If we define an operator . !
a= kZ Mwag)/A, A= [IZ(M)zl /2 (3.14)
and the corresponding adjoint, then
H=hwa'a+ 7A@’ +a) (3.15)

The transformation which diagonalizes H is
A
U= exp [— (@ - a)] (3.16)
w
which is well known from the Van Hove model. In the limit that A > or

E\? = oo, U is not unitarily implementable into the diagonalized space, and
hence, equation (3.4) holds, i.e., zero overlap. This is another example of
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our above statement that zero overlap implies unitary inequivalence. Note
again that the bodily transformation in equation (3.16) is an exponential and
is antisymmetric in sign with respect to the adjoint operation, so equation
(3.1) holds. Thus, again we know from our above link that two Hilbert
spaces (the ‘@’ space and the diagonalized space) are incompatible with
respect to the subjective transformation. They do not have mutually com-
plete sets of states for description of the system.

A very practical example of these statements comes from a recent paper
by Benson (1973) and one by Benson & Hatch (1973). Here a ferromagnetic
representation is self-consistently selected for the Heisenberg-exchange
Hamiltonian using Umezawa’s methods of quantum field theory. Also, a
paramagnetic representation is found, and the zero overlaps are specifically
calculated, and it is discussed how these representations are inequivalent
representations of the CAR. From one of our links above, the reason for this
inequivalence is that one cannot subjectively transform the states of the
ferromagnetic Hilbert space onto the states of the paramagnetic Hilbert space,
since the set of paramagnetic states do not form a complete set of states for a
ferromagnetic description. Thus, S is the ill-behaved part of the transforma-
tion.

4. Conclusion

Thus, from the above statements we have some more links in understanding
the very important phenomena of inequivalent representations, and further
insight into understanding some of the fundamental differences between
point quantum mechanics and quantum field theory. In particular, although
people frequently never worry at all about the structure of the subjective
transformation, we have shown for quantum field theories that this considera-
tion can be very important, and that one can expect inequivalent representa-
tions of the CCR or CAR when zero expectation values of the transformation
operator occurs as in equation (3.4). Hopefully, further links will be forth-
coming in the near future.

References

Araki, H. and Woods, E. 1. (1963). Journal of Mathemarical Physics, 4, 637.

Araki, H. and Wyss, W. (1964). Helvetica Physica Acta, 37, 136.

Barut, A. and Wightman, A. 8. (1959). Nuovo Cimento Supplement, 14, 81.

Benson, A. K. (1973). Physical Review B,7, 4158.

Benson, A. K. and Hatch, D. M. (1973). Physical Review B, 8, 4410.

Ezawa, E. (1965), Journal of Mathematical Physics, 6, 380.

Fabri, E. and Picasso, L. E. (1966). Paysical Review Letters, 16, 408.

Fock, V. (1932). Zeitschrift Fiir Physik, 75, 622.

Friedrichs, K. O. (1953). Mathematical Aspects of the Quantum Theory of Fields,
pp. 75-79, 141-42, 271-72. Interscience, New York.

Girding, L. and Wightman, A. 8. (1956). Proceedings of the National Academy of
Sciences, 40, 617.



332 A. K. BENSON AND D. M. HATCH

Guralnik, G. S., Hagen, C. R. and Kibble, T. W. B. (1968). Advances in Particle Physics,
Vol. 2, pp. 575~5717. Interscience, New York.

Haag, R. (1955). Danske Mathematisk-Fysiske Meddeleser, 29, 12.

Haag, R. (1961). Lectures in Theoretical Physics, Vol. 3, pp. 353-77. Interscience, New
York.

Hepp, K. (1972). Helvetica Physica Acta, 45, 237.

Hugenholtz, N. M. and others (1969). Many-Body Problems, p. 230. W. A. Benjamin,
New York.

Klauder, J. R. and McKenna, J. (1965). Journal of Mathematical Physics, 6, 68.

Klauder, J. R., McKenna, J. and Woods, E. J. (1966). Journal of Mathematical Physics,
7, 822.

Lange, R. V. (1965). Physical Review Letters, 14, 3.

Messiah, A. (1966). Quantum Mechanics I, pp. 290~-92. Wiley & Sons, New York.

Roman, P. (1965). Advanced Quantum Theory, pp. 36-37. Addison-Wesley, Reading,
Massachusetts.

Schweber, S. S. and Wightman, A. 8. (1955). Physical Review, 98, 812.

Segal, 1. B. (1958). Transactions of the American Mathematical Society, 88, 12.

Umezawa, H. and Kamefuchi, S. (1964). Nuovo Cimento, 31, 429.

Umezawa, H. (1965). Acta Physica Hungaricae, 19, 9.

Van Hove, L. (1952). Physica, 18, 145.

Von Neumann, J. (1931). Mathematische Annalen, 104, 570.

Von Neumann, J. (1940). Annals of Mathematics, 41, 94.

Wick, G. C. (1965). Preludes in Theoretical Physics, pp. 231-239. Wiley & Sons, New
York.



